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The merging or emergence of a pair of Dirac points may be classified according to whether the
winding numbers which characterize them are opposite (+− scenario) or identical (++ scenario).
From the touching point between two parabolic bands (one of them can be flat), two Dirac points
with the same winding number emerge under appropriate distortion (interaction, etc), following the
++ scenario. Under further distortion, these Dirac points merge following the +− scenario, that
is corresponding to opposite winding numbers. This apparent contradiction is solved by the fact
that the winding number is actually defined around a unit vector on the Bloch sphere and that
this vector rotates during the motion of the Dirac points. This is shown here within the simplest
two-band lattice model (Mielke) exhibiting a flat band. We argue on several examples that the
evolution between the two scenarios is general.
PACS numbers:
Introduction— There has been a recent growing in-
terest for various physical systems exhibiting a multi-
band excitation spectrum with crossing points between
the bands. This interest was boosted by the discovery
of graphene, where the low energy spectrum is described
by a 2D Dirac equation for massless Fermions, giving
the name ”Dirac point” to such linear crossing point.1
In two dimensions, a band touching is a topological de-
fect protected by time-reversal and inversion symmetries.
Such a contact point is characterized by a winding num-
ber w (sometimes confused with a Berry phase2) which
describes the winding of the phase of the wave function
when moving around this point in reciprocal space. Such
singularities may emerge or disappear under variation of
external parameters under the constraint that the sum
of their winding numbers is conserved.3,4
It has been shown that the merging (or emergence) of
two Dirac points in 2D crystals is described by two “uni-
versal Hamiltonians” depending on the topological prop-
erties of the Dirac points that merge.3,4 They correspond
to the two scenarios for winding numbers (+1,−1) → 0
and (+1,+1) → +2. These two Hamiltonians can be
written with the help of two Pauli matrices σa, σb (a, b ∈
x, y, z) and three parameters ∆,m, c or ∆,ma,mb:
H+− =
(
∆ +
p2x
2m
)
σa + cpy σb , (1)
H++ =
(
∆ +
1
2ma
(p2x − p2y)
)
σa +
pxpy
mb
σb . (2)
For the first Hamiltonian, the gapless phase with Dirac
points corresponds to ∆ < 0. When ∆ ≥ 0, the Dirac
points of opposite signs (w = ±1) have merged into a
semi-Dirac spectrum (∆ = 0), linear in one direction,
quadratic in the other and then a gap 2∆ > 0 opens.5,6
The second Hamiltonian describes the nematic distor-
tion of a quadratic band touching.3,7–11 A finite value
FIG. 1: Top (abcd): Emergence and motion of a single pair
(D,D′) of Dirac points from a flat band touching a quadratic
band. The two Dirac points emerging at the M point even-
tually merge at the X point into an asymmetric semi-Dirac
spectrum. Bottom (efgh): Emergence and motion of a pair of
Dirac points from a symmetric quadratic spectrum. The two
Dirac points eventually merge into a semi-Dirac spectrum
of the parameter ∆ splits this quadratic point into a
pair of Dirac points of same charge along a direction
which depends on sgn(∆). The total charge w = +2
being conserved, the contact is topologically stable and
no gap opens. These Hamiltonians are “universal” in
the sense that they provide a unique description of the
merging of Dirac points, independent of its microscopic
realizations.12–15 An additional term proportional to the
identity σ0 may change the spectrum dramatically but
does not change the geometric properties of the wave
functions. A quadratic touching point with a flat band
enters in the second category with an appropriate σ0
term.
The question that we pose in this letter is the fate of
a pair of Dirac points emerging from a quadratic band
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2crossing, when further distortion is applied. We find a
surprising situation where a unique pair of Dirac points
emerges from a quadratic touching point, and disappears
as a semi-Dirac point with gap opening, therefore fol-
lowing the two different merging scenarios in the same
physical system. Considering that this pair is unique, its
emergence or merging necessary occurs at a time-reversal
invariant momentum (TRIM) G/2 where G is a recip-
rocal lattice vector.16 In the vicinity of these points, the
Bloch Hamiltonian takes either either the formH++ with
the Pauli matrices (σx, σz), or the form H+− with the
matrices (σx, σy) or (σz, σy).
This evolution poses a central question: How a pair
of Dirac points may emerge or disappear following both
scenarios (++) and (+−) while conserving the winding
number in the first Brillouin zone? We show that this
is possible by defining a winding number around a unit
vector which rotates in pseudo-spin space. The resulting
winding vectors (see later) of the two Dirac points are
parallel at their emergence at the quadratic point, and
antiparallel at their merging at the semi-Dirac point.
Here, this evolution is described in the framework of a
simple lattice model exhibiting a contact between a flat
band and a quadratic band. This is a generic model for
systems with more energy bands, like a deformed Kagome
lattice17 or a honeycomb lattice with px-py orbitals.
18
The latter was probed by a recent experiment with a
polariton lattice of semiconducting micropillars.19 The
deformation of these bands under appropriate lattice dis-
tortion highlights the scenario described in this letter.20
This experimental work is one of the main motivations
for our present study.
FIG. 2: Left: Mielke model. All bonds have the same hopping
parameter t. Right: Reciprocal space. The tilted square is the
first Brillouin zone. The quadratic touching point is located at
the M=M’ point from which a pair of Dirac points is created
under application of the staggered on-site potential δ. For
δ > 0, this pair of Dirac points merges at the X point (at the Y
point for δ < 0). The arrows along the edge of the BZ indicate
the motion of the Dirac points when the parameter δ increases
(here δ > 0). The boxed arrows indicate the direction of the
winding vector ~w. It rotates from the y to the x direction.
FIG. 3: Energy spectrum of the Mielke Hamiltonian H(k) for
δ = 0., 0.2, 1 and −pi < kx, ky < pi. When δ is finite, two
Dirac points appear at the M point and merge at the X point
(pi/2,−pi/2) when δ = 1.
Staggered Mielke model— In order to study this prob-
lem on a concrete simple model, we consider the tight-
binding Hamiltonian visualized in Fig.2. It has a checker-
board structure will all identical hopping terms t. First
proposed by Mielke, this is the simplest two-band model
exhibiting a flat band.21 In addition, we consider the
effect of a staggered on-site potential ∓V and we set
δ = V/2t. From the original tight-binding Hamiltonian
H, we introduce the Bloch Hamiltonian
H(k) = e−ik.RHeik.R (3)
where R are the position of the Bravais lattice sites. It
has the property H(k + G) = H(k) where G is a re-
ciprocal lattice vector. Here we define 2t = −1 and
the interatomic distance a is taken as a = 1. The
Hamiltonian is written as H(k) = 0(k)σ0 +Hs(k) with
0(k) = cos kx cos ky and the energy symmetric Hamilto-
nian:
Hs(k) =
(
δ + sin kx sin ky (cos kx + cos ky)e
−iky
(cos kx + cos ky)e
iky −δ − sin kx sin ky
)
(4)
Fig.3 shows the Mielke spectrum under application of
the on-site staggered potential δ and its evolution be-
tween the two merging scenarios. When δ = 0, the spec-
trum consists in a dispersive band touching quadratically
a flat band of energy −1 at the M point (0, pi) (see Fig. 2
for the positions in the reciprocal lattice). When δ is fi-
nite, the flat band becomes dispersive in the energy range
[−1−|δ|,−1+|δ|] and the upper band extends in the range
[−1 + |δ|, 2 + √δ2 + 4]. The quadratic touching point
splits into two Dirac points at the energy D = −1 + |δ|.
Depending on the sign of δ, the Dirac points emerge along
one edge or the other of the BZ (δ > 0 in the figures).
When δ → ±1, these two Dirac points merge at the X or
Y point (pi/2,∓pi/2) and the spectrum at this merging is
semi-Dirac (here asymmetric), as expected from general
arguments discussed below.5 For δ > 0, the full evolution
of the spectrum along the merging line (the diagonal M–
M’, see Fig. 2), is plotted on the top Figs. 1.a-d.
Since the geometric properties of this model do not
depend on the identity term σ0, we concentrate on the
symmetric part Hs(k) (4) of the Hamiltonian. Its energy
3spectrum is symmetric and its evolution along the merg-
ing line upon application of the on-site staggered poten-
tial δ is depicted Figs.1.e-g. When δ = 0, the spectrum is
quadratic and splits into two Dirac points when δ is finite,
very much like the distortion of the quadratic touching
in the bilayer graphene spectrum under strain.9,22 Un-
like the case of graphene bilayer where there are two
quadratic points (in K and K’) with opposite winding
numbers w = ±2, here there is a single quadratic point in
the BZ which occurs at a TRIM (M point). When δ → 1
the spectrum converges towards a semi-Dirac point, fol-
lowing the (+−) scenario for distorted graphene.3–6
What is the nature of these Dirac points emerging
from a flat band? What are their topological proper-
ties? To answer these questions, we now concentrate
on the motion of the Dirac points along the M–M’ line
(ky = kx − pi), and their merging at the X point.
Emergence (+,+) at the M point— This situation
arises when the parameter δ is close to 0. We expand the
symmetric Hamiltonian near the M point located at the
south of the BZ (Fig.2). Writing k = (0,−pi) + q, it has
the local form HM = 12 (q2y − q2x)σx + (δ − qxqy)σz. Since
we will follow the motion of the Dirac points along the
diagonal M–M’, it will be convenient to use the rotated
coordinates q‖ = (qy + qx)/
√
2 and q⊥ = (qy − qx)/
√
2
corresponding to the coordinates respectively along the
merging axis and the perpendicular axis. We find
HM = −q‖q⊥σx + [δ − 1
2
(q2‖ − q2⊥)]σz . (5)
This is the form of universal Hamiltonian H++ (Eq.
2). Here unlike the case of bilayer graphene where the
low energy Hamiltonian is written with the Pauli ma-
trices (σx, σy), this Hamiltonian is real and involves the
matrices (σx, σz). When δ = 0, the associated winding
number is 2 around the σy direction and the spectrum is
locally quadratic (q) = ± 12 (q2‖ + q2⊥).
Merging (+,-) at the X point— This situation arises
when δ is close to 1 (a similar situation occurs at the
Y point when δ is close to −1). Introducing again the
coordinates q‖ and q⊥ and neglecting higher order terms,
the symmetric Hamiltonian in the vicinity of the X point
has the form
HX =
√
2 q⊥σy + [δ − 1 + 1
2
q2‖]σz , (6)
which is the universal Hamiltonian H+− (Eq. 1) writ-
ten here in (σy, σz) space. It describes the merging of
two Dirac points with winding ±1 around the σx direc-
tion. When δ = 1, the two charges annihilate, there
is no winding anymore and the spectrum is semi-Dirac
(q) = ±
√
2q2⊥ + q
4
‖/4.
Following the moving Dirac points— We conclude
from these two limits that, upon variation of the param-
eter δ > 0, the emergence and merging of Dirac points
FIG. 4: For a given δ, the pseudo magnetic field ~h(q) around
a Dirac point rotates along an equator of the Bloch sphere
whose orientation varies continuously with δ, from the M
(=M’) point to the X point. This orientation is characterized
by a winding vector (big arrow) which continuously evolves
form the y axis to the x axis.
is described by two universal Hamiltonians, respectively
H++ and H+−, the first one involving pseudospin com-
ponents (σx, σz) and the other one having components
(σy, σz). This implies a continuous rotation in pseudo-
spin space during the motion of the Dirac points. To
follow this rotation, we now expand locally the Hamilto-
nian in the vicinity of the two moving Dirac points D, D’
of coordinates kDx = arcsin
√
δ, kD
′
x = pi − arcsin
√
δ and
kD,D
′
y = −pi+ kD,D
′
x . We write it in the form HD = ~h · ~σ
with the “pseudo magnetic field”
~h(q) = v‖q‖ ~uz + v⊥q⊥ ~uφ (7)
where the velocities are given by
v‖ = ∓
√
2δ(1− δ) , v⊥ =
√
2δ . (8)
We have introduced the unit vector ~uφ = cos k
D
y ~ux +
sin kDy ~uy. Therefore for a given value of the parameter δ,
the Hamiltonian HD in the vicinity of a Dirac is written
is terms of only two Pauli matrices σz and σφ = ~σ · ~uφ.
Around each Dirac point the normalized pseudo magnetic
field ~h/|~h| rotates along an equator of the Bloch sphere,
whose orientation varies when moving the position of the
Dirac points from the M point to the X point. Therefore
we are led to define a “winding vector”, perpendicular to
this equator, and given by
~wD,D′ = sign(v‖v⊥) ~uz × ~uφ
= ∓
√
δ ~ux +
√
1− δ ~uy . (9)
Fig. 4 shows the evolution of the winding vector from
the M to the X point. At the M point, two Dirac points
emerge from a quadratic touching, with identical winding
vectors ~w = ~uy. They merge at the X point with opposite
winding vectors ±~ux (Fig.4).
Near the M point both velocities vanish before the
merging into a quadratic point. Near the X point, the
velocity vanishes along the ‖ direction and stays finite
along the ⊥ direction, announcing the merging into a
semi-Dirac point. Finally we note that the motion of
4FIG. 5: In this 3-band spectrum of a distorted Kagome-like
lattice (with square symmetry), one of the bands is separated
from the two others. Under appropriate variation of hopping
parameters, a pair (++) of Dirac points emerges at the Γ
point and disappears as a pair (+−) at another TRIM (M).
Dirac points between the TRIM is not necessarily along
a straight line. It is in general determined by the vanish-
ing of the off-diagonal element of Hs(k).
Multiband systems and experimental motivation— For
pedagogical purpose, we have chosen to describe in de-
tail a simple two-band problem. The scenario presented
here is generic of more complex situations encountered
in multiband spectra that we now briefly illustrate in the
cases of a 3-band and a 4-band problem. First we con-
sider a square variation of the Kagome lattice which is
known to exhibit a flat band touching quadratically a dis-
persive band.23 Under appropriate variation of hopping
parameters, we find that a pair of Dirac points between
the two lower bands emerges from the Γ point and merges
at another TRIM, with a semi-Dirac spectrum preceding
the opening of a gap, see Fig. 5.17
Then we consider the spectrum of the honeycomb lat-
tice with two orbitals px, py per site. It consists in four
bands arranged as two bands similar to the pz bands of
graphene sandwiched between two flat bands (Fig. 6).18
In addition, a staggered potential opens a gap in the mid-
dle of the spectrum (like in boron nitride) and separates
the two upper bands from the two lower bands. Each
dispersive band touches a flat band at the Γ point. We
then apply a uniaxial distortion similar to that done in
artificial graphenes.5 Fig. 6 shows that under this distor-
tion two Dirac points emerge from the quadratic touching
points (the upper one and the lowest one) therefore fol-
lowing the ++ scenario and that they ultimately merge
at a TRIM following the +− scenario.
Discussion and perspectives— In this letter, we have
shown on a simple model, that a Dirac point is character-
ized by an integer and a direction on the Bloch sphere,
leading to the notion of a winding vector rather than
number. We summarize here the scenario: for two bands,
a Bloch Hamiltonian H(k) = ~h(k) ·~σ involves three Pauli
matrices and can be represented as a point on a Bloch
sphere, i.e. the position of a normalized pseudo magnetic
field ~h/|~h|. In 2D, contact points between two bands are
unstable unless a particular symmetry protects their ex-
istence. In such a case, locally around a contact point
FIG. 6: Spectrum of the px-py bands of a graphene-like struc-
ture. A staggered potential opens a gap between the lower
and upper bands. We exhibit the emergence of a pair of Dirac
points (b) from a quadratic point (a), which ultimately merges
into a semi-Dirac point (c) preceding the opening of a gap (d).
kD, the Hamiltonian H(kD + q) = ha(q)σa + hb(q)σb
involves only two Pauli matrices σa = ~ua(kD) · ~σ and
σb = ~ub(kD) · ~σ. The pseudo magnetic field is there-
fore restricted to move on an equator. The contact point
is then characterized by the number of times the latter
winds around the direction ~ua × ~ub perpendicular to the
equator when encircling the contact point in reciprocal
space. Most generally the winding vector is given by
~w =
(
1
2pi
∮
~∇ψ · dq
)
~ua × ~ub (10)
with tanψ = hb(q)/ha(q) and the winding number |~w|
is a non-negative integer. For a Dirac point the winding
number is 1. At a TRIM, it is 0 or 2, depending on the
merging of the two Dirac points. The notion of a winding
vector becomes crucial when its direction changes as the
contact point moves in reciprocal space. In the present
case, it solves the apparent paradox that a single pair of
Dirac points is created with a total winding number of 2
(++ scenario : (+1,+1) → +2) and annihilated with a
total winding number of 0 (+− scenario : (+1,−1)→ 0).
The situation has been studied here within the simplest
two-band lattice model. It is universal in the sense that it
properly describes the evolution of the crossing point be-
tween two bands in a multi-band system. It describes the
structure of the Dirac points emerging from the touching
5with a flat band. Recent experiments in higher bands of
an artificial graphene have successfully shown new pairs
of Dirac points emerging from a flat band and whose evo-
lution follows the mechanism described in this letter.20
Given the universality of this mechanism it should be ob-
served routinely in the many new condensed matter or
2D artificial structures exhibiting several bands in the
excitation spectrum. In 3D, contact points between two
bands are generic and do not need any symmetry pro-
tection (see e.g. Weyl semi-metals). There is no winding
vector in this case, since these topological defects are
characterized by a charge (the wrapping number), which
does not require any direction to be specified.24
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